Introduction {#Sec1}
============

Consider the following inequality constrained optimization problem: where $\documentclass[12pt]{minimal}
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                \begin{document}$i=0,1,\ldots,m$\end{document}$, are twice continuously differentiable functions. Throughout this paper, we use $\documentclass[12pt]{minimal}
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                \begin{document}$X_{0}=\{x\in R^{n}| f_{i}(x)\leq0, i\in I\}$\end{document}$ to denote the feasible solution set.

This problem is widely applied in transportation, economics, mathematical programming, regional science, etc. \[[@CR1]--[@CR3]\], and it has received extensive attention on a related problem, for example, variational inequalities, equilibrium problem, minimizers of convex functions, etc. (see, e.g., \[[@CR4]--[@CR15]\]).

To solve problem (*P*), the penalty function methods have been introduced in many literature works (see, e.g., \[[@CR16]--[@CR24]\]). Zangwill \[[@CR16]\] introduced the classical $\documentclass[12pt]{minimal}
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                \begin{document}$q>0$\end{document}$ is a penalty parameter, but it is not a smooth function. The corresponding penalty optimization problem is as follows: The non-smoothness of the function restricts the application of a gradient-type or Newton-type algorithm to solving problem ($\documentclass[12pt]{minimal}
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                \begin{document}$l_{1}$\end{document}$ exact penalty function is proposed in \[[@CR17], [@CR18]\].

In addition, to overcome the non-smoothness of the function, the following smooth penalty function is proposed: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ F_{2}(x,q)=f_{0}(x)+q\sum_{i=1}^{m} \max\bigl\{ f_{i}(x),0\bigr\} ^{2}. $$\end{document}$$ However, the function is non-exact.

Recently, Wu *et al.* \[[@CR20]\] proposed the following low order penalty function: $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \varphi_{q,k}(x)=f_{0}(x)+q\sum_{i=1}^{m} \bigl(\max\bigl\{ f_{i}(x),0\bigr\} \bigr)^{k},\quad k \in(0,1), $$\end{document}$$ and proved that the low order penalty function is exact under mild conditions. But this penalty function is non-smooth, too. When $\documentclass[12pt]{minimal}
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                \begin{document}$k\in(0,1)$\end{document}$ is much less than that of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$l_{1}$\end{document}$ exact penalty function. This can avoid the defects of too large parameter *ρ* in the algorithm. Only for $\documentclass[12pt]{minimal}
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                \begin{document}$k=\frac{1}{2}$\end{document}$, the smoothing of the lower order penalty function ([1.3](#Equ3){ref-type=""}) is studied in \[[@CR20]\] and \[[@CR21]\]. In \[[@CR24]\], a smoothing method of the low order penalty function ([1.3](#Equ3){ref-type=""}) is given. We hope to study a new smoothing method for the low order penalty function ([1.3](#Equ3){ref-type=""}) and compare it with the existing methods. With a different segmentation method, we will give a new piecewise smooth function and propose a new method to smooth the lower order penalty function ([1.3](#Equ3){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$k\in[\frac{1}{2},1)$\end{document}$ in this paper.

The remainder of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, a new smoothing function is proposed. The error estimates are obtained among the optimal objective function values of the smoothed penalty problem, the non-smooth penalty problem, and the original problem. In Sect. [3](#Sec3){ref-type="sec"}, the corresponding algorithm is proposed to obtain an approximate solution to (*P*). The global convergence of the algorithm is proved. In Sect. [4](#Sec4){ref-type="sec"}, some numerical experiments are given to illustrate the efficiency of the algorithm. In Sect. [5](#Sec5){ref-type="sec"}, some conclusions are presented.

A smoothing penalty function {#Sec2}
============================

For the lower order penalty problem in order to establish the global exact penalization, the following assumption is given in \[[@CR20]\]. We will consider the smoothing method under the following assumption.

Assumption 2.1 {#FPar1}
--------------
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                \begin{document}$f_{0}(x)$\end{document}$ satisfies the coercive condition $$\documentclass[12pt]{minimal}
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Under Assumption [2.1](#FPar1){ref-type="sec"}, problem (*P*) is equivalent to the following problem: where *X* is a box with $\documentclass[12pt]{minimal}
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                \begin{document}$k\in(0,1)$\end{document}$, penalty problem (*LP*) is equivalent to the following penalty problem:

Now we consider a new smoothing technique to the lower order penalty function ([1.3](#Equ3){ref-type=""}).
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                \begin{document}$p_{k}(t)=(\max\{t,0\})^{k}$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \varphi_{q,k}(x)=f_{0}(x)+q\sum_{i=1}^{m}p_{k} \bigl(f_{i}(x)\bigr). $$\end{document}$$
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                \begin{document}$$ p_{k,\epsilon}(t)=\left \{ \textstyle\begin{array}{l@{\quad}l} 0, & \text{if } t\leq-\epsilon^{k},\\ \frac{k}{2}\epsilon^{-1}(t+\epsilon^{k})^{2}, & \text{if } {-}\epsilon^{k}< t< 0,\\ ({t+\epsilon})^{k}+\frac{k}{2}\epsilon^{2k-1}-\epsilon^{k},&\text{if } t\geq0, \end{array}\displaystyle \right . $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$p_{k,\epsilon }(t)$\end{document}$ is continuously differentiable and $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{\epsilon\rightarrow0^{+}}p_{k,\epsilon}(t)= p_{k}(t). $$\end{document}$$

The following figure shows the process of function $\documentclass[12pt]{minimal}
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Figure [1](#Fig1){ref-type="fig"} shows the behavior of $\documentclass[12pt]{minimal}
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Based on this, we consider the following continuously differentiable penalty function: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \varphi_{q,k,\epsilon}(x)=f_{0}(x)+q\sum_{i=1}^{m}p_{k,\epsilon} \bigl(f_{i}(x)\bigr), $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\lim_{\varepsilon\rightarrow0^{+}} \varphi_{q,k,\epsilon }(x)=\varphi_{q,k}(x)$\end{document}$.

The corresponding optimization problem to $\documentclass[12pt]{minimal}
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Lemma 2.1 {#FPar2}
---------
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Proof {#FPar3}
-----
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Theorem 2.1 {#FPar4}
-----------
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Proof {#FPar5}
-----
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Theorem 2.2 {#FPar6}
-----------
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                \begin{document}$$-\frac{k}{2}\epsilon^{2k-1}mq\leq \varphi_{q,k} \bigl(x_{q,k}^{*}\bigr)-\varphi_{q,k,\epsilon}(\bar {x}_{q,k,\epsilon})< \epsilon^{k}mq. $$\end{document}$$

Proof {#FPar7}
-----

Under the hypothetical conditions, it holds that $\documentclass[12pt]{minimal}
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Therefore, by Lemma [2.1](#FPar2){ref-type="sec"}, one has $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\frac{k}{2}\epsilon^{2k-1}mq\leq\varphi_{q,k} \bigl(x_{q,k}^{*}\bigr)-\varphi _{q,k,\epsilon}\bigl(x_{q,k}^{*} \bigr) \leq\varphi_{q,k}\bigl(x_{q,k}^{*}\bigr)- \varphi_{q,k,\epsilon}(\bar {x}_{q,k,\epsilon}) $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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Corollary 2.1 {#FPar8}
-------------

*Suppose that Assumption* [2.1](#FPar1){ref-type="sec"} *holds*, *and for any* $\documentclass[12pt]{minimal}
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                \begin{document}$$-\frac{k}{2}\epsilon^{2k-1}mq\leq f_{0}\bigl(x^{*}\bigr)- \varphi_{q,k,\epsilon }(\bar{x}_{q,k,\epsilon})< \epsilon^{k}mq. $$\end{document}$$

Proof {#FPar9}
-----

It follows from Corollary 2.3 (in \[[@CR20]\]) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x^{*}\in X$\end{document}$ is an optimal solution of problem ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathit {LP}^{\prime}$\end{document}$). By Theorem [2.2](#FPar6){ref-type="sec"}, one has $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\frac{k}{2}\epsilon^{2k-1}mq\leq \varphi_{q,k}\bigl(x^{*} \bigr)-\varphi_{q,k,\epsilon}(\bar{x}_{q,k,\epsilon})< \epsilon^{k}mq. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{i=1}^{m}p_{k}(f_{i}(x^{*}))=0$\end{document}$, it holds that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi_{q,k}\bigl(x^{*}\bigr)=f_{0}\bigl(x^{*}\bigr)+q\sum _{i=1}^{m}p_{k} \bigl(f_{i}\bigl(x^{*}\bigr)\bigr)=f_{0}\bigl(x^{*}\bigr). $$\end{document}$$ This completes the proof. □

Definition 1 {#FPar10}
------------
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Theorem 2.3 {#FPar11}
-----------
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                \begin{document}$$-\frac{k}{2}\epsilon^{2k-1}mq \leq f_{0} \bigl(x_{q,k}^{*}\bigr)-f_{0}(\bar {x}_{q,k,\epsilon})< \biggl(2^{k}\epsilon^{k}+\frac{k}{2} \epsilon^{2k-1}\biggr)mq. $$\end{document}$$

Proof {#FPar12}
-----

By ([2.1](#Equ4){ref-type=""}), ([2.3](#Equ6){ref-type=""}), and Theorem [2.2](#FPar6){ref-type="sec"}, one has $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}-\frac{k}{2}\epsilon^{2k-1}mq&\leq \varphi _{q,k}\bigl(x_{q,k}^{*}\bigr)-\varphi_{q,k,\epsilon}( \bar{x}_{q,k,\epsilon}) \\ &=f_{0}\bigl(x_{q,k}^{*}\bigr)+q\sum _{i=1}^{m}p_{k}\bigl(f_{i} \bigl(x_{q,k}^{*}\bigr)\bigr)-\Biggl(f_{0}(\bar {x}_{q,k,\epsilon})+q\sum_{i=1}^{m}p_{k,\epsilon} \bigl(f_{i}(\bar {x}_{q,k,\epsilon})\bigr)\Biggr) \\ &< \epsilon^{k}mq. \end{aligned} $$\end{document}$$ Since $\documentclass[12pt]{minimal}
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Theorems [2.1](#FPar4){ref-type="sec"} and [2.2](#FPar6){ref-type="sec"} show that an optimal solution of (*SP*) is also an approximate optimal solution of ($\documentclass[12pt]{minimal}
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                \begin{document}$\mathit {LP}^{\prime}$\end{document}$) when the error *ϵ* is sufficiently small. By Theorem [2.3](#FPar11){ref-type="sec"}, an optimal solution of (*SP*) is an approximately optimal solution of (*P*) if the optimal solution of (*SP*) is an *ϵ*-feasible solution of (*P*).

A smoothing method {#Sec3}
==================

Based on the discussion in the last section, we can design an algorithm to obtain an approximate optimal solution of (*P*) by solving (*SP*).

Algorithm 3.1 {#FPar13}
-------------
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Remark {#FPar14}
------
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Under some mild conditions, the following conclusion shows the global convergence of Algorithm [3.1](#FPar13){ref-type="sec"}.

Theorem 3.1 {#FPar15}
-----------

*Suppose that Assumption* [2.1](#FPar1){ref-type="sec"} *holds*, *and for any* $\documentclass[12pt]{minimal}
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                \begin{document}$\{x^{j+1}\}$\end{document}$ *is an optimal solution of* (*P*).

Proof {#FPar16}
-----

\(1\) It follows from ([2.3](#Equ6){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \varphi_{q_{j},k,\epsilon _{j}}\bigl(x^{j+1}\bigr)=f_{0} \bigl(x^{j+1}\bigr)+q_{j}\sum_{i=1}^{m}p_{k,\epsilon _{j}} \bigl(f_{i}\bigl(x^{j+1}\bigr)\bigr),\quad j=0,1,2,\ldots. $$\end{document}$$ By hypothesis, there exists some number L such that $$\documentclass[12pt]{minimal}
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By ([2.2](#Equ5){ref-type=""}), ([3.1](#Equ12){ref-type=""}), and ([3.2](#Equ13){ref-type=""}), one has $$\documentclass[12pt]{minimal}
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\(2\) Without loss of generality, we assume $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}f_{0}\bigl(x^{j+1} \bigr)+q_{j}{\biggl((\delta_{0}+\epsilon _{j})^{k}+\frac{k}{2}\epsilon_{j}^{2k-1}- \epsilon_{j}^{k}\biggr)} &\leq\varphi_{q_{j},k,\epsilon_{j}} \bigl(x^{j+1}\bigr) \\ &\leq\varphi_{q_{j},k,\epsilon_{j}}(x) \\ &\leq f_{0}(x)+m\frac{k}{2}\epsilon_{j}^{2k-1}q_{j}. \end{aligned} $$\end{document}$$ It follows that $$\documentclass[12pt]{minimal}
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For this, by Step 2, ([2.2](#Equ5){ref-type=""}), and ([2.3](#Equ6){ref-type=""}), it holds that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_{0}\bigl(x^{j+1}\bigr)\leq\varphi_{q_{j},k,\epsilon_{j}} \bigl(x^{j+1}\bigr) \leq\varphi_{q_{j},k,\epsilon_{j}}(x)\leq f_{0}(x)+m\frac {k}{2}\epsilon_{j}^{2k-1}q_{j},\quad \forall x\in X_{0}. $$\end{document}$$ Letting $\documentclass[12pt]{minimal}
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                \begin{document}$\{x^{j+1}\}$\end{document}$ is an optimal solution of (*P*). □

Numerical examples {#Sec4}
==================

In this section, we will do some numerical experiments to show the efficiency of Algorithm [3.1](#FPar13){ref-type="sec"}.

Example 4.1 {#FPar17}
-----------

Consider the following optimization problem considered in \[[@CR18], [@CR22], [@CR23]\]: $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{gathered}\min f_{0}(x)=x_{1}^{2}+x_{2}^{2}+2x_{3}^{2}+x_{4}^{2}-5x_{1}-5x_{2}-21x_{3}+7x_{4} \\ \quad\text{s.t. } f_{1}(x)=2x_{1}^{2}+x_{2}^{2}+x_{3}^{2}+2x_{1}+x_{2}+x_{4}-5 \leq0, \\ \quad\phantom{\text{s.t. }} f_{3}(x)=x_{1}^{2}+x_{2}^{2}+x_{3}^{2}+x_{4}^{2}+x_{1}-x_{2}+ x_{3}-x_{4}-8 \leq0, \\ \quad\phantom{\text{s.t. }} f_{3}(x)= x_{1}^{2}+2x_{2}^{2}+x_{3}^{2}+2x_{4}^{2}-x_{1}-x_{4}-10 \leq0. \end{gathered} $$\end{document}$$
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Example 4.3 {#FPar19}
-----------
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Concluding remarks {#Sec5}
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In this paper, we proposed a method to smooth the lower order exact penalty function with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in[\frac{1}{2},1)$\end{document}$ for inequality constrained optimization. Furthermore, we proved that the algorithm based on the smoothed penalty functions is globally convergent under mild conditions. The given numerical experiments show that the algorithm is effective.
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